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We have calculated the thermal noise of a v-shaped AFM cantilever (Microlever, Type E,
Thermomicroscopes) by means of a finite element analysis. The modal shapes of the first ten
eigenmodes are displayed as well as the numerical constants which are needed for a calibration
using the thermal noise method. In the first eigenmode, values for the thermomechanical
noise of the z-displacement at 22◦ C temperature of

√
〈u2

n〉 = 0.627 Å/
√

ccant and the normal

force photodiode signal of
√
〈S2

n〉 = 0.558 Å/
√

ccant were obtained. The results also indicate
a systematic deviation of the spectral density of the thermomechanical noise of v-shaped
cantilevers as compared to rectangular beam shaped cantilevers.
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I. INTRODUCTION

The micromechanical cantilevers commonly used in
atomic force microscopy (AFM) are forced to non-
negligible thermomechanical oscillations already at room
temperature. These oscillations impose a fundamental
restriction to the accuracy of force detection in AFM
[1–3]. A similar limit of sensitivity in force detection
is encountered in experimental setups for the detection
of gravitational waves (e.g. [4] and references therein).
However, the thermally driven oscillations can be ana-
lyzed in order to obtain information on the tip-sample
interaction. It was shown, that thermomechanical noise
allows for the determination of oscillatory hydratation
potentials [5] as well as the measurement of viscoelastic
properties of polymers [6, 7].

Another very common application of thermomechani-
cal noise analysis is the fast and nondestructive calibra-
tion of the cantilever spring constant [8–13]. Present the-
oretic descriptions of thermomechanically induced noise
in AFM measurements assume a rectangular geometry of
the cantilever [10, 14, 15].

In practical AFM applications, very often v-shaped
cantilevers are used as force sensors, for example in the
magnetically driven intermittent contact mode [16, 17].
Moreover, there are several applications in the differ-
ent operational modes of overtone microscopy, where v-

shaped cantilevers are commonly employed [18–20]. For
all applications of v-shaped cantilevers in dynamic AFM
modes the calibration of the spring constant and the ex-
act knowledge of the eigenmodes are essential prerequi-
sites for a quantitative data analysis. This is also true
for nanomanipulation experiments (e.g. [21, 22]) or the
use of cantilevers as chemical sensors (e.g. [23]).

In this paper, a v-shaped cantilever is investigated the-
oretically by means of a finite element analysis (FEA).
The results of the numerical simulations are used in or-
der to determine the thermomechanical noise of the tip
z-displacement and the photodiode signal of the unre-
stricted cantilever which allows to calculate a calibration
table for the determination of the cantilever spring by
the thermal noise method. Using a discrete numerical
method like FEA it is possible to calculate the thermal
oscillations for arbitrary cantilever geometries.

II. OUTLINE OF THEORY

A Thermomechanical noise

In thermodynamic equilibrium the mean-square dis-
placement of the tip from its neutral position is described
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by

√
〈u2〉 =

√
kBT

ccant
. (1)

Here, u is the z-displacement of the tip, kB is Boltz-
mann’s constant, T the temperature of the surrounding
heat bath, ccant the cantilever spring constant, and 〈·〉
denotes the average in time (cf. e.g. [8]). Note that this
formula is independent from the cantilever geometry.

However, when light-lever detection is used for the dis-
placement measurement, experimental noise-data cannot
be analyzed applying Equation (1). In order to calculate
the photodiode signal in a light-lever setup, the shape
of the transverse vibrational modes must be known to
correct for geometric effects. Equation (1) has to be cor-
rected for the bandwidth limitation of the detection sys-
tem as well.

B Multiple degrees of freedom

For a mathematical description of the cantilever dy-
namics in a frequency range above the fundamental fre-
quency the cantilever must be modelled as a multiple-
degree of freedom system. In the following, only a brief
review of the basic ideas is given, a more thorough treat-
ment can be found in textbooks on structural dynamics
(e.g. [24, 25]).

A discrete finite element approach is used in order to
describe a cantilever with arbitrary geometry. In the ma-
trix formalism, the equation of motion is

M ü(t) + Ku(t) = 0. (2)

Here, M is the mass matrix, K the stiffness matrix, and
u(t) is the vector of the nodal displacements. The eigen-
value problem is solved in order to determine the reso-
nance frequencies and the eigenmodes of the undamped
structure. This yields the eigenvectors Φn and the eigen-
frequencies ωn. The eigenmodes can be used as base vec-
tors of a generalized coordinate system, where it is pos-
sible to separate the time and space dependance of the
cantilever motion.

For the transformation into generalized displacement
coordinates qn(t) the transformation rule

u(t) =
∑

n

Φn qn(t) (3)

is applied to Equation (2), yielding
∑

n

[MΦn q̈n(t) + KΦnqn(t)]= 0. (4)

Multiplication with ΦT
n results in

∑

n

[
ΦT

nMΦn q̈n(t) + ΦT
nKΦn qn(t)

]
= 0. (5)

This leads to the definition of Mn = ΦT
nMΦn as the

generalized mass and Kn = ΦT
nMΦn as the generalized

spring stiffness. Now, a set of decoupled ordinary differ-
ential equations

Mn q̈n(t) + Knqn(t) = 0 (6)

is obtained.
In the case of a constant mass density of the struc-

ture and orthonormal Φn, the generalized mass equals
the total mass:

Mn = ΦT
nMΦn = M. (7)

The generalized spring stiffness is then

Kn = Mω2
n. (8)

Treating the cantilever as a system of N harmonic os-
cillators in thermodynamic equilibrium, the mean-square
displacement of the individual generalized oscillators is
given by

〈
q2
n

〉
=

kBT

Kn
. (9)

Note that the Kn are not equal to the (quasistatic) spring
constant ccant.

The average potential energy of the cantilever in ther-
mal equilibrium is given by

〈Ucant〉 =
1
2
ccant

〈
u2

〉
=

1
2
kBT. (10)

The fraction of average potential energy of the j-th node
of the cantilever found in the n−th eigenmode can be
determined from

Cn,j = Φ2
n,j/

Kn

ccant
, (11)

The quasistatic spring constant ccant is determined by
a static structural analysis. For the calculation of tip
displacement a node j is chosen at the tip. The value
Cn,j represents the percentage of energy of the multiple
degree of freedom system found in the n-th eigenmode.

It is worth to note that other generalized coordinate
systems could be used as well. Often the effective mass
m∗ is used in order to describe the dynamics of a vibrat-
ing cantilever. This corresponds to a coordinate system
which is different from the system we apply here. Still
another coordinate system is often used in commercial
finite element software. There, the Φn are normalized by
the condition Φ̂T

nMΦ̂n = 1 (e.g. [26]). Equation (11)
in this third type of coordinate system transforms into
Cn,j = Φ̂2

n,j

m / Kn
ccant

= Φ̂2
n,j/

ω2
n

ccant
. However, since the choice

of the generalized coordinate system is arbitrary, iden-
tical numerical results are obtained. A more detailed
treatment can be found in Ref. [27].
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In order to account for the light-lever detection scheme,
another correction factor has to be introduced:

Cdet
n,j =

[
∂xΦn,j

∂xΨj

]2

. (12)

This factor represents the relation of the geometrical
derivative of the quasistatic bending shape ∂xΨj to the
dynamic bending shape ∂xΦn,j of the n-th eigenmode
and can be understood as a geometric enhancement fac-
tor. For eigenmodes with Cdet

n,j > 1, the photodiode signal
is increased, whereas when Cdet

n,j < 1 the photodiode sig-
nal is decreased as compared to the photodiode signal of
a quasistatic cantilever deflection.

Both parameters Cn,j , and Cdet
n,j are independent from

the material parameters, mass density ρ and the Young’s
Modulus E, since they enter as linear factors into the
mass or stiffness matrix and can therefore be cancelled.

C Spectral power density

For a general continuous multimode system, the spec-
tral power density was given in Ref. [4]. A detailed dis-
cussion for rectangular AFM cantilevers can be found in
[14]. In a similar approach, the displacement of the j-th
node in the n-th mode for a discrete multiple-degree of
freedom system is obtained by

〈
u2

n(ω)
〉

j
= Φ2

n,j
2kBT

m

γn/m

(ω2
n − ω2)2 + (ω γn/m)2

, (13)

and the root-mean square photodiode signal measured at
node j is

〈
S2

n(ω)
〉

j
= Cdet

n,j Φ2
n,j

2kBT

m

γn/m

(ω2
n − ω2)2 + (ω γn/m)2

.

(14)

Often the quality factor Q is used instead of a damping
coefficient γn, thus γn/m = ωn/Q has to be applied then.
By integration, the modal thermomechanical deflection
and the photodiode signal can be calculated:

〈
u2

n

〉
j

=
1
2π

∞∫

−∞

〈
u2

n(ω)
〉

j
dω, (15)

〈
S2

n

〉
j

=
1
2π

∞∫

−∞

〈
S2

n(ω)
〉

j
dω. (16)

With an additionaly weighting factor in Equations (15
and 16), the transfer function of the detection system
could also be included.

The mean-square of the deflection and the photodiode
signal of the N -oscillator cantilever at node j is obtained

from

〈
u2

〉
j

=
N∑

n=1

〈
u2

n

〉
j

(17)

〈
S2

〉
j

=
N∑

n=1

〈
u2

n

〉
j
. (18)

In the following, the index j will be suppressed. By
convention, we choose a node of the model at the rear
side of the cantilever just above the AFM tip as indicated
in Figure 1 (a).

FIG. 1: (a) Mesh of the AFM cantilever used for the fi-
nite element analysis (FEA). The arrows at the cantilever
base represent the restrictions of the nodal degrees of
freedom. The large arrow points at a node which was cho-
sen in order to calculate the nodal deflection. (b) Scan-
ning electron micrograph of the cantilever. The geomet-
ric data were used for the FEA as indicated. [Gold coated
sharpened microlever, type E, Thermomicroscopes]
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III. RESULTS AND DISCUSSION

In order to obtain precise geometric data for the finite
element modelling, a standard cantilever [gold coated
sharpened microlever, type E, Thermomicroscopes, Sun-
nyvale (CA), USA] was analyzed by scanning electron mi-
croscopy. The cantilever thickness was determined from
an edge-on micrograph (data not shown). A gold film
thickness of 60 nm was measured by AFM imaging of an
edge prepared by partially removing the gold layer from
the cantilever chip. From the electron microscopy and
AFM data [Fig. 1 (b)] the finite element mesh was mod-
elled [Fig. 1 (a)] with a length of L = 132 µm, a width
of W = 16 µm, and a thickness of T = 0.63 µm (nominal
values: L = 140 µm, W = 18 µm, T = 0.6 µm).

FIG. 2: The first ten eigenmodes of a v-shaped cantilever
(sideview). They can be classified into symmetric (1, 3,
5, 6 , 8, 10) and antisymmetric (2, 4, 7, 9) modes. Only
symmetric modes yield a normal-force photodiode signal.

The finite element analysis (FEA) was carried out by
the use of a commercial software ANSYS 5.4 [26] running
on an IBM-SP2 workstation at Leibniz Rechenzentrum,
München (Germany). The model of the cantilever geom-
etry was built up with brick elements (solid-type 73). A
mesh of 2272 nodes was used for the calculations. The
mesh independence was demonstrated by further mesh
refinement. The silicon nitride/gold system was replaced
by a one-component model with the same mass density as
the real cantilever. The Young‘s modulus was set to 140
GPa, therefore the model has the same section moment
as the composite cantilever [28]. The Poisson ratio was
set to 0.4 in order to reproduce the experimentally ob-
tained resonant frequency ratios of normal and torsional
modes. The quasistatic spring constant as obtained from
a static FEA is ccant = 0.13 N/m (manufacturer‘s value:
ccant = 0.10 N/m).

mode n frequency Cn Cdet
n

1 38.8 kHz 0.963 0.79
2 192.3 kHz 0.000 7.26
3 203.1 kHz 0.036 8.26
4 540.1 kHz 0.000 22.41
5 545.2 kHz 0.004 24.17
6 1054.5 kHz 0.001 60.58
7 1068.7 kHz 0.000 66.55
8 1217.3 kHz 0.001 24.17
9 1507.2 kHz 0.000 56.44
10 1698.3 kHz 0.000 136.45

TABLE I: Summary of cantilever data. The coefficients
Cn give the fraction of energy in the respective mode [cf.
Eq. (11)]. Deviations of

∑
Cn from the ideal value of

1.000 are caused by intrinsic numerical errors. The re-
spective geometric amplification of the photodiode signal
can be calculated from

√
Cdet

n [cf. Eq. (12)].

The modal shapes of the first ten transversal eigen-
modes obtained by the modal analysis tool [26] are dis-
played in Figure 2, the respective eigenfrequencies are
given in Table I. The eigenmodes can be classified
into two categories, symmetric and antisymmetric modal
shapes. In the symmetric modes the x-z-plane is a mir-
ror plane, whereas the antisymmetric modes are anti-
symmetric to the x-direction. From a geometric point
of view, some of the symmetric eigenmodes (1, 3, 5, 6,
10) correspond to the first five eigenmodes of a rectan-
gular beam (B1, B2, B3, B4, B5, e.g. [10]) respectively.
Note, that in this communication the eigenmodes of a
beam are numbered by Bn in order to avoid confusion
with the eigenmodes of the v-shaped cantilever labelled
n. The first three antisymmetric modes (2, 4, 7) cor-
respond to torsional eigenmodes of a rectangular beam.
These modes do not contribute to the thermal noise in
the z-displacement of the tip, since there the tip oscil-
lates parallel to the sample surface. However, for the
eigenmodes (8) and (9) of the v-shaped cantilever there
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are no corresponding eigenmodes of a simple rectangu-
lar beam. In these modes, both arms of the cantilever
vibrate independently from the baseplate. In the sym-
metric vibration mode (8) both arms vibrate parallel re-
sulting in a motion similar to a bird beating its wings.
In the antisymmetric mode (9) both arms twist.

The spectral density of the thermomechanical fluctu-
ations is plotted in Figure 3. The noise in the tip z-
deflection decreases much more rapidly with increasing
frequency then the noise measured by a light-lever setup
(cf. Eqs. 13, 14, summation over n). This effect is caused
by the geometric enhancement of the higher eigenmodes
(Cdet

n > 1 for n > 1).

FIG. 3: Spectral density of the thermomechanical fluctu-
ations of the tip-position

√
uz (solid) and the normal-

force photodiode signal
√

S (dashed) for a resolution
bandwidth of 1 Hz.

Table I gives a summary of the eigenfrequencies, the
correction factors Cn and the detection factors Cdet

n . The
factors Cn and Cdet

n are insensitive to deviations in the
cantilever geometry. A variation in L of 10 % causes a
relative variation of δCn < 2 % and δCdet

n < 3 %, whereas
the respective eigenfrequencies may vary more than 20 %.
Therefore, in comparison to typical experimental errors,
there is only a small deviation from the theoretic energy
distribution for the thermomechanical noise as derived
from Equation (11) due to variations of the cantilever
geometry.

Alternatively, the numerical results from Table I can
be validated by considering δUnum =

∑10
1 Ceff

n −1, which
is the energy ”loss” or ”gain” of the model due to in-
trinsic numerical errors. Here, the ”energy gain” of the
numerical model is δUnum ≈ 0.5 %. This means, that the
numerical errors in the energy distribution among the
eigenmodes can be estimated to be smaller than 1 %.

Table II summarizes the normalized thermomechani-
cal deflection of the tip in z-direction attributed to the
different eigenmodes. For comparison, also the values
for a rectangular cantilever beam are given for geomet-
rically equivalent eigenmodes (same number of nodes).

mode beama mode v-shape
B1 0.629 Å 1 0.627 Å
– – 2 0.000 Å

B2 0.100 Å 3 0.121 Å
– – 4 0.000 Å

B3 0.036 Å 5 0.042 Å
B4 0.018 Å 6 0.021 Å
– – 7 0.000 Å
– – 8 0.019 Å
– – 9 0.000 Å

B5 0.011 Å 10 0.012 Å

TABLE II: Thermomechanical noise of the tip deflection√
〈u2

n〉of a beam like [10] and a v-shaped cantilever at
22◦C. The values are normalized to a spring constant of
1 N/m. A transformation to other spring constants is
done by dividing with

√
ccant. a From Table 1 in [10].

mode beama mode v-shape
B1 0.577 Å 1 0.558 Å
– – 2 0.000 Å

B2 0.320 Å 3 0.348 Å
– – 4 0.000 Å

B3 0.188 Å 5 0.206 Å
B4 0.134 Å 6 0.172 Å
– – 7 0.000 Å
– – 8 0.092 Å
– – 9 0.000 Å

B5 0.104 Å 10 0.144 Å

TABLE III: Thermomechanical noise of the photodiode
signal

√
〈S2

n〉 of a beam like [10] and a v-shaped cantilever
at 22◦C. The values are normalized to a spring constant
of 1 N/m. A transformation to other spring constants is
done by dividing with

√
ccant. a From Table 1 in [10].

The thermomechanical noise as it would be measured in
the normal force photodiode signal is listed in Table III.
The actual values for cantilevers can be calculated by
division with

√
ccant.

Note that there is a deviation of 3.4 % for the thermo-
mechanical noise measured in the photodiode signal for
the v-shaped cantilever as compared to the rectangular
cantilever beam. Thus, for this type of v-shaped can-
tilevers, spring constants determined by a naive use of
the thermal noise method under the simplifying assump-
tion of a rectangular beam model can be expected to be
systematically 7 % too large.

Finally, the limitations of the FEA analysis presented
here should be discussed briefly. A deviation of the modal
shape of a real cantilever from the theoretic model can be
expected from the multilayer structure of the cantilever
which consists of a Si3N4 ceramics covered with a reflec-
tive gold layer. Due to the metallic coating, the cantilever
can be prestressed by the interfacial stress between the
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gold and the ceramics. For rectangular cantilevers it was
shown that there is a slight deviation of experimentally
obtained bending shapes as compared to theoretic ones
[29]. A similar result must be expected for v-shaped
cantilevers. Thus, a conservative estimate of the rela-
tive uncertainty of the tip displacement of δ

〈
u2

n

〉
= 5%

(δ
〈
S2

n

〉
= 5%) seems appropriate. However, this esti-

mate attributes only to numerical errors and deviations
of the true cantilever geometry from the FEA modelling
and does not include additional experimental errors.

IV. CONCLUSIONS

In conclusion we have calculated the thermal noise of a
v-shaped cantilever (Microlever, Type E, Thermomicro-
scopes) by means of a finite element analysis. The modal
shapes of the first ten eigenmodes are given as well as
the numerical constants that are needed for a calibra-
tion using the thermal noise method. The results also
indicate, that there is a systematic deviation in the ther-
momechanical noise of v-shaped cantilevers as compared
to rectangular beam shaped cantilevers. Thus, when a
fast and precise calibration of a v-shaped cantilever is
desirable, a numerical modal analysis of the special type
of cantilever to be calibrated is inevitable. If the spring
constant has to be calibrated with an uncertainty bet-
ter than 5 % the use of complimentary methods to the
thermal noise method is necessary.

V. ACKNOWLEDGMENTS

We thank Dr. Heribert Lorenz (Nanotools GmbH)
for SEM imaging. Financial support by grant BMBF
13N7509/1 (RWS) and DFG Grant He-1617/7-2 (TD) is
gratefully acknowledged.

REFERENCES

[1] D. Smith, Rev. Sci. Instr. 66(5), 3191 (1995).
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