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State-space model of freely vibrating and surface-coupled cantilever dynamics
in atomic force microscopy
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The dynamics of the microcantilever in atomic force microscopy~AFM! is represented by a multiple-
degrees-of-freedom state-space model and is discussed within the framework of system theory. The cantilever
dynamics is modeled as a linear time-invariant system with a nonlinear output feedback due to the tip-sample
interaction. This allows one to use the same model to analyze different aspects of atomic force microscopy
such as the dynamics of contact-mode or the dynamics of tapping-mode AFM. The state-space approach to the
dynamic response of the AFM cantilever allows for numerically efficient simulations. We show that not only
the eigenfrequency but also the modal damping of a cantilever interacting with a surface strongly depends on
the contact stiffness. This is important for a quantitative characterization of elastic sample properties. Addi-
tionally, our model shows the presence of higher harmonics in tapping-mode AFM. The excitation of higher
eigenmodes can strongly distort the system response. The results illustrate that higher eigenmodes have to be
considered in the analysis of dynamic AFM.
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I. INTRODUCTION

The different modes of dynamic atomic force microsco
~AFM! range from ultrasonic AFM with a permanent conta
between tip and sample over the tapping mode with interm
tent contact to the noncontact mode where mechanical
tact is absent.1 In the ultrasonic or acoustic mode the tip is
direct contact with the specimen while ultrasonic waves
coupled to the cantilever support or to the specimen. Ana
ing the response of a surface-coupled cantilever2,3 in the fre-
quency domain allows one to determine mechanical cha
teristics of the contact between tip and sample. The lo
stiffness can be measured by ultrasonic AFM,4–6 friction by
acoustic friction force microscopy,7,8 and lateral stiffness by
torsional overtone microscopy.9–11

Another widely used dynamic AFM mode operates in
termittent contact and is also known as the tapping mo
Here, the freely oscillating cantilever is driven near or at
resonant frequency. For imaging, the vibrating tip is brou
close to the sample surface as illustrated in Fig. 1. Thus,
oscillation of the cantilever is confined on one side by
sample surface that acts as a repulsive barrier defined by
elastic properties of the sample.12–14The interaction between
tip and sample gives rise to nonlinear dynamics. The e
0163-1829/2004/69~8!/085412~9!/$22.50 69 0854
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tence of different oscillatory states in tapping-mode and n
contact AFM as well as their stability was investigated w
numerical simulations. For a review see Ref. 15.

The micromechanical AFM cantilever is a distributed p
rameter system that can be understood as a multiple-deg
of-freedom ~MDOF! system allowing for a higher eigen
mode excitation in tapping-mode AFM.16–19 Recently, we
have shown that these higher-order signals provide di
access to the time-resolved measurement of tip-sample in
action forces.20

In the following, we develop a MDOF state-space mod
of the AFM cantilever interacting with the specimen surfac
This approach allows us to use an identical model in orde
investigate the characteristics of a freely vibrating cantile
as well as those of a surface-coupled cantilever. Additiona
this model directly provides a theoretic understanding for
generation of higher harmonics by the nonlinearity in t
contact between tip and sample in tapping-mode AFM.

II. MODELING

A. Modal analysis

The equation of motion for the transverse-displacem
responsez(j,t) of a freely vibrating undamped cantileve
beam is
©2004 The American Physical Society12-1



er

n-

ar

ha

ar-

by

al

ive
(
als

the
li-
ip-
(

ed
sy
d

r-
n

n
o
a

ROBERT W. STARKet al. PHYSICAL REVIEW B 69, 085412 ~2004!
EI
]4z~j,t !

]j4
1m

]2z~j,t !

]t2
50, ~1!

with the normalized positionjP@0,1# along the cantilever,
the timet, the flexural stiffnessEI, and the constant mass p
unit length,m. The resonant frequenciesvn are related to the
respective eigenvalueskn by

vn
25~kn!4EI/m. ~2!

The modal shapesw(j) are determined by the boundary co
ditions. At the base side of the cantilever beam atj50 the
cantilever is clamped; i.e., the boundary conditions
w(0)50 for the displacement andw8(0)50 for the deflec-
tion slope. On the free end of the cantilever atj51 the
corresponding values arew9(1)50 andw-(1)50. The ei-
genvalues of the free cantilever are determined by the c
acteristic equation

FIG. 1. Schematics of tapping mode AFM. Commonly us
inputs and outputs of the dynamical system are indicated. The
tem can be accessed by applying forces directly onto the free en
the cantilever~input 1! by external forces like the tip-sample inte
action or external actuation. Alternative inputs are base excitatio
the sample~input 2! or excitation of the cantilever support~input 3!.
The tip deflection~output 1! determines the tip-sample interactio
force. However, this output often cannot be observed directly. M
commonly, the angle of the cantilever deflection is read out using
optical lever detection scheme~output 2!.
08541
e
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coskncoshkn521. ~3!

For higher modes the asymptotic valuekn
(a)5(n2 1

2 )p is a
good approximation. Similar considerations lead to the ch
acteristic equation of a clamped-pinned beam@w(1)50 and
w9(1)50] corresponding to a cantilever that is supported
the surface

cosknsinhkn1sinkncoshkn50. ~4!

The eigenvectors~modal shapes! for the free cantilever are

wn~j!5cosknj2coshknj2
coskn1coshkn

sinkn1sinhkn

3~sinknj2sinhknj!. ~5!

At the free end atj51 one obtains the values of the mod
displacementwn(j) and the modal deflection anglewn8(j)
given in Table I.

B. Tip-sample interaction

In close proximity of a surface the attractive and repuls
regimes have to be discriminated. The attractive regimezs
2z>a0) can be described by an attractive van der Wa
interaction force. Here,z is the tip deflection towards the
sample andzs the distance between the sample and tip of
undeflected cantilever. For systems without or with neg
gible energy dissipation in the tip-sample contact the t
sample force can be calculated in the repulsive regimezs
2z,a0) using a Derjaguin-Mu¨ller-Toporov ~DMT!
model.21 This leads to

s-
of

of

st
n

TABLE I. Summary of the output values of thenth mode for the
tip positionwn(1) and the optical lever detectionwn8(1). Note the
amplification of the modal responsewn8(1) as compared town(1)
due to geometric effects.

n 1 2 3 n^4

wn(1) 22 2 22 (21)n32
wn8(1) 20.8763 3.0435 24.9966 '(21)n3(2n21)
ntilever
F ts~z!5H 2HR/@6~zs2z!2#, zs2z>a0 ,

2HR/6a0
21

4

3
E* AR~zs2z1a0!3/2, zs2z,a0 ,

~6!

whereH is the Hamaker constant andR the tip radius. The parametera0 is the interatomic distance.22 The effective contact
stiffness is given byE* 5@(12n t

2)/Et1(12ns
2)/Es#

21, whereEt andEs are the respective elastic moduli andn t andns the
Poisson ratios of tip and sample. For the numerical simulation typical parameters for the tapping mode with a silicon ca
were chosen:k510 Nm21, R520 nm, Et5129 GPa, andn t50.28. A fused silica SiO2 sample withEs570 GPa, ns

50.17, a050.166 nm, andH56.4310220 J was assumed.
In the case of small oscillations around an equilibrium positionz0—e.g., due to thermal excitation10,23,24—the contact force

relation, Eq.~6!, can be linearized and expressed as an effective spring constant
2-2



STATE-SPACE MODEL OF FREELY VIBRATING AND . . . PHYSICAL REVIEW B69, 085412 ~2004!
kts* 52
]

]z
F ts~z!U

z5z0

5H 2HR/@3~zs2z0!3#, zs2z0>a0 ,

2E* AR~a01zs2z0!1/2, zs2z0,a0 .
~7!
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The contact stiffnesskts* is normalized to the cantileve

spring constantk with k̂ts5kts* /k. Notably, the van der Waal
forces in the attractive regime lead to a negative effec
spring constant.

C. State-space model

The physical system~Fig. 1! of the AFM cantilever and
the nonlinear tip-sample interaction can be modeled as
combination of a linear time-invariant system~cantilever!
with a nonlinear output feedback as illustrated in Fig. 2.
the following, only forces acting on the cantilever tip@input
~1!# will be considered—i.e., the forces between tip a
sample and the driving force. Experimentally, an exter
driving force at input~1! corresponds to a magnetic excit
tion of the cantilever. To focus the following discussion
the role of the specimen surface as an output feedback
extension of the model to multiple inputs will not be di
cussed here. The state-space form of the equations of mo
of the cantilever withn degrees of freedom is

ẋ5Ax1bu, ~8!

y5Cx1du, ~9!

with the time-dependent state vectorx5(x1 ,x2 ,x3 , . . . )
5(xi 51 ,ẋi 51 ,xi 52 ,ẋi 52 , . . . ); i.e., the state vector consis
of the displacements and velocities of the respective deg
of freedom. The 2n32n matrix A is the system matrix,b is
the input vector, and scalaru is the force input. In the case o
multiple inputsb becomes a matrix andu a vector. Each
component of the output vectory—i.e., the tip displacemen
output y1 and the photodiode signal outputy2—are linear
combinations of the states. The output matrixC contains the
respective weights. The direct transmission scalard is zero
because there is no direct access from the force input~1! to
the outputs~1! and ~2! of the system.

FIG. 2. Graphical representation for the state-space model o
AFM. The cantilever is represented by a linear and time-invari
~LTI ! sub-model. The tip-sample interaction force is a nonlin
output feedback.
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Under ambient conditions, the cantilever can be cons
ered as a weakly damped system. Therefore, the uncou
eigenmodes of the beam as obtained in the previous sec
can be used to construct the state-space model. The sy
matrix of the weakly damped free cantilever is given by t
normalized eigenfrequencyv̂n5vn /v1 and dampinggn of
each mode with a 232 submatrix along the diagonal. Th
input vector for forces acting on the tip contains the resp
tive modal displacementwn at the geometric position of the
force input j tip , weighted with the respective generalize
modal massesMi5*0

1mw i(j)2dj, leading to a rewritten Eq
~8!:

F ẋ1

ẋ2

ẋ3

ẋ4

•••

G 5F 0 1 0 0 •••

2v̂1
2 22g1v̂1 0 0 •••

0 0 0 1 •••

0 0 2v̂2
2 22g2v̂2 •••

••• ••• ••• ••• �

G
3F x1

x2

x3

x4

•••

G 1F 0

w1~j tip!/M1

0

w2~j tip!/M2

•••

G u. ~10!

Without restriction the mass density is normalized toMi
5m51. A uniform modal dampingg i5g51/(2Q) is as-
sumed in the following. The output matrix combines t
states to the tip displacement and the photodiode signal
the output gains as given in Table I, leading to a new Eq.~9!:

Fy1

y2
G5F w1~j tip!/npos 0 w2~j tip!/npos 0 •••

w18~jsens!/nsig 0 w28~jsens!/nsig 0 •••

G

3F x1

x2

x3

x4

•••

G . ~11!

With this definition, outputy1 is the geometric displacemen
of the cantilever at the tip locationj tip on the beam, wherea
outputy2 is the deflection slope of the cantilever beam at
sensor positionjsensas measured by a light lever detectio
In the following we assume the standard configuration wit
read-out of the cantilever displacement and deflection an
at the free end of the cantilever at andj tip5jsens51. The
output channels are normalized to the respective static g

he
t
r

2-3
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Normalization of the deflection output~1! corresponds to the
normalized quasistatic spring constantk̂cant51 of the canti-
lever. The normalization of the light lever sensor output~2!
corresponds to the usual quasistatic calibration of the ph
diode response by measurement of a force versus disp
ment curve. The tip-sample interaction force is modeled a
static output feedback. The displacement of the tip,y1

5( i 51
n x2i 21, is fed back through the interaction forc

F ts(y1) to input~1! of the model. The following analysis wil
focus on how the sample stiffness affects system dynam
For clarity, we will not consider velocity-dependent feedba
components, e.g., due to viscous damping in the tip-sam
contact or time variable interaction forces, e.g., due to c
illary condensation or creep.

III. RESULTS AND DISCUSSION

A. Linearized model

To illustrate the influence of the output feedback on
dynamic system the linearized system of the AFM cantile
in contact with the specimen@Eq. ~7!# is analyzed first.31 In
this linear approximation the output feedback is directly p
portional to the system’s position output~1!. Thus, the elastic
surface properties can be conceived as a proportional f
back with the gain parameterk̂ts. From an experimenta
point of view, this is a useful approximation when the can
lever undergoes very small oscillations in a potential—e
due to thermal noise or due to a small excitation. Cor
spondingly, a dissipative interaction due to viscous sam
properties could be represented by a differential feedbac

For the numerical calculations the quality factor was
to a typical value ofQ5200 for all modes. The frequenc
response of the system for a relative tip-sample stiffnes
k̂ts560.7 @Eq. ~7!# is given in Fig. 3. An attractive interac
tion corresponding to a spring with a negative force cons
results in a shift to lower frequencies~dash-dotted line! as
compared to the freely oscillating cantilever~dashed line!. In
contrast, a repulsive tip-sample interaction, correspondin
a spring with a positive spring constant, leads to a shift of
resonant frequencies to higher values~solid line!. The reso-
nant frequencies~given by the system poles! depend on the
output feedback but are not affected by the choice of ou
channel. In contrast, the transmission zeros of the mode
located differently for the position output~1! as compared to
the light lever signal@out ~2!#. The relative frequency shift o
the higher-order modes is smaller as compared to the fu
mental mode because the frequency shift depends on
stiffness ratiok̂ts/mv̂ i

2 , which rapidly decreases with in
creasing mode numberi.

Increasing the effective tip-sample stiffness further tok̂ts
5105 the system approximates a cantilever with its e
pinned to the sample surface~Fig. 4!. The poles of the con-
strained system are the transmission zeros~antiresonances!
of the displacement output~1! of the free system.25 This
means that the resonance frequencies of the strongly su
coupled cantilever correspond to frequencies of the mini
displacement response of the free cantilever. In the posi
output ~1! the cantilever response shows a constant g
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since the poles migrate to the stationary zeros and are
celed. Since the zeros in the photodiode signal~2! differ
from the zeros in the position output~1!, they are not can-
celed in output~2! and the resonances can still be observ

A root locus map allows a very compact representation
the migration of the system’s poles and zeros. The map
Fig. 5 visualizes the respective variations of eigenfreque
and damping as a result of changes of the effective
sample stiffnessk̂ts—i.e., the feedback parameter. Shown a
the positions of poles and zeros of the subsystem from in
~1! to the tip-position output~1!. The position of the poles
and zeros of the free cantilever in the Laplace plane
indicated by crosses and circles, respectively. For the
cantilever all poles are located in the left half plane; i.e.,
dynamic system is stable.

In this model the number of zeros,nzero, is determined by
the number of poles,npoles52n, with nzero5npoles22, be-
cause the position of the force inputj tip and the sensor po
sition jsensare the same. This colocated configuration is g
erally desirable in AFM. For an in-depth discussion of t
role of poles and zeros and the colocation of sensor
actuator in mechanical systems see Ref. 25. For the u
single-degree-of-freedom approximation (n51) the system
does not have any zeros. The zeros remain stationary s
they are independent fromk̂ts for the given structureA,b, C,
andd.

FIG. 3. ~Color online! Amplitude and phase response of the fr
~dashed, black! and weakly surface coupled cantilever from inp
~1! to the outputs as indicated. The solid line~blue! corresponds to

a repulsive interaction withk̂ts50.7. The dash-dotted line~red! rep-

resentsk̂ts520.7, which is an attractive interaction correspondi
to a spring with negative force constant.
2-4
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In the positive imaginary half-plane the migration path
the poles towards the zeros is indicated for a tip-sample s
ness k̂tsP@0, 1e10#. Because poles and zeros are eith
complex conjugate pairs or real values, the respective co
gate complex migration paths are not shown in Fig. 5. For
infinite contact stiffness poles and zeros cancel except for
complex conjugate highest-order poles that diverge. The

FIG. 4. ~Color online! Bode plot of the free~solid line, black!

and strongly surface-coupled cantilever (k̂ts5105, dashed line,
blue!. Output~1!: tip displacement; output~2!: photo diode signal.
08541
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rows indicate the direction of migration for an increasingk̂ts.
It is most important to note that also the modal damp
varies substantially due to increasing stiffness of the
sample contact. For the first eigenmode the damping can

FIG. 5. Root locus map of the linearized closed loop system
the Laplace plane. For better representation the real axis
stretched significantly. The locations of equal damping appea
diagonal lines in this plot with the respective damping as indicat
Poles and zeros are indicated by crosses and circles, respective
the positive imaginary half-plane the migration of the poles due
feedback by a positive spring constant is illustrated by the s
curves. The arrows give the direction of the pole migration

increasing k̂ts.0. The zeros remain stationary. In the negati
imaginary half-plane the pole migration due to feedback by a ne
tive spring constant~attractive regime! is illustrated for decreasing

k̂ts,0.
re
sample

6
6
6
6
6
2
6
6
2
18
34
TABLE II. Summary of the absolute values of the eigenvalues for thenth mode of the closed loop system

for different values of the effective tip-sample stiffnessk̂ts . The eigenvalues for the pinned system a
obtained by directly solving the characteristic equation. Corresponding values for an intermediate
stiffness can be found in Ref. 2. For comparison the data for systems with selected DOF are given.

DOF n k̂ts520.1 Free 0.1 1 10 1e10 Pinned

1 1 1.8264 1.8751 1.9203 2.2299 3.4149 592.96 3.926
2 1 1.8275 1.8751 1.9191 2.2159 3.1932 3.9721 3.926

2 4.6912 4.6941 4.6970 4.7237 5.0199 700.73 7.068
3 1 1.8276 1.8751 1.9190 2.2143 3.1754 3.9405 3.926

2 4.6912 4.6941 4.6970 4.7235 5.0063 7.1602 7.068
3 7.8541 7.8548 7.8554 7.8610 7.9203 774.88 10.210

30 1 1.8277 1.8751 1.9189 2.2135 3.1677 3.9267 3.926
2 4.6912 4.6941 4.6970 4.7234 5.0011 7.0689 7.068
3 7.8541 7.8548 7.8554 7.8610 7.9190 10.2111 10.210
4 10.9953 10.9955 10.9958 10.9978 11.0185 13.3538 13.35
5 14.1371 14.1372 14.1373 14.1382 14.1479 16.4972 16.49
2-5



on
til

he
ro
ca
h

a

w
as
er
s
ta

th
t
th
a
il

po
b

a
ffe
de

is
or
ea
-
h
ti
ge

u
ib

in
in
n
in

ug
o
p
a

-

l
to

ple
t a
e

r
ata

nu-
wer
e
he

hat

ut

he
ctra
e
tput
ncies
and
ies.
nt

ics

ver
ar-

put

ple

m in
ding
ec-

ROBERT W. STARKet al. PHYSICAL REVIEW B 69, 085412 ~2004!
reduced from the value of the free system (g50.25% atk̂ts

50) by factor of more than 2 (g50.11% atk̂ts59) due the
surface coupling. Increasing the tip-sample stiffness bey
this damping minimum leads to an increased damping un
value ofg50.2% is obtained atk̂ts51e10. These variations
of the modal damping have to be taken into account w
viscoelastic properties of the specimen are determined f
analysis of the frequency response of a surface coupled
tilever or a cantilever that is coupled to a molecule. T
intrinsic damping obtained by an activeQ-control force
spectroscopy experiment26 is the intrinsic damping of the
entire dynamic system.

In the negative imaginary half-plane of Fig. 5 the migr
tion of the poles is illustrated fork̂tsP@0,21e10#. The paths
of the respective conjugate complex poles are not sho
The arrow indicates the direction of migration for a decre
ing negativek̂ts. The poles migrate towards zeros with low
frequency. Fork̂ts,2mv1

2521 one of the dominant pole
becomes real and positive and the system becomes uns
Experimentally, this instability is well known as ‘‘snap-in’’ in
AFM.27 When a soft cantilever is approached closely to
surface at a certain point the cantilever suddenly bends to
surface due to the attractive van der Waals forces. Within
framework of this model the ‘‘snap-in’’ can be understood
an instability of the closed loop system. Due to this instab
ity, the system transits through the attractive part of the
tential and ends up in the repulsive regime where it is sta
again.

To evaluate the numerical convergence of the state-sp
approach the absolute values of the eigenvalues of the di
ent systems are summarized in Table II for different mo
ordersn. The columns ‘‘free’’ and ‘‘pinned’’ correspond to
solutions of the characteristic equations~3! and~4!. Already
with n53 modes the relative error of the first eigenvalue
,1% atk̂ts51e10 as compared with the analytic solution f
the pinned cantilever. The errors can be reduced by incr
ing the number of modes further. Withn530 modes an ac
curacy of the first five eigenvalues of 0.01% is achieved. T
eigenvalues of the highest-order modes of the respec
model diverge for strong surface coupling—i.e., for lar
spring constants. The single-degree-of-freedom systemn
51) approximates the fundamental mode of a weakly s
face coupled cantilever well but fails to adequately descr
a strongly surface coupled cantilever.

B. Nonlinear model

The dynamics of the tapping mode was simulated us
the nonlinear DMT model of the tip-sample interaction
Eq. ~6!. The computational time needed for the simulatio
depends on the model order of the system. With increas
model order the computational time per time step is a
mented withn2, wheren is the number of eigenmodes. T
capture the dynamics of higher modes at reasonable com
tational costs a cantilever model with three modes was
sumed resulting in a sixth-order state-space model.

The system was driven by a sinusoidal signal in input~1!
at the fundamental resonancev1 of the system. The ampli
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tude of the driving force was set toF51 nN corresponding
to a free amplitude of aboutA0520 nm. These are typica
conditions for imaging in ambient conditions. In order
simulate the tapping mode, the distance between the sam
and tip’s rest position was reduced. First, the dynamics a
distance ofzs512 nm which corresponds to an amplitud
setpoint ofA/A0'60% was investigated. After waiting fo
the equilibration of the system a time series of output d
~six cycles! was extracted~Fig. 6!. Both output signals—the
tip displacement and photodiode signal—are nearly si
soidal. The tip-sample forces are single impacts at the lo
turning point of the tip oscillation. The time of repulsiv
contact between tip and sample is 3% of the cycle time. T
repulsive interaction with peak forces of 23 nN indicates t
the system is in the so-called high-amplitude state.15

For a further analysis the Fourier transform of the outp
signals was calculated using the fast Fourier transform~FFT!
algorithm. In Fig. 7 the absolute values of the FFT of t
time series data of both outputs are shown. In both spe
harmonics of the driving frequency prevail. Additionally, th
signature of the amplitude response of the respective ou
channel can be seen. The maxima are at the same freque
for both output channels at the 1st and around the 6th
18th harmonics that are close to the resonant frequenc
However, the minima are different. The displaceme
@out~1!# minima are close to the 4th and 15th harmon
whereas in the light lever signal@out ~2!# the minima are
close to the 3rd and 12th harmonics. Although the cantile
deflection has a spectral minimum at the 4th and 15th h
monics the signal does not vanish in out~2!. Here, it is im-
portant to note the physical difference between both out
channels. The output channel~1! is connected to the system
input ~1! via the mechanical feedback due to the tip-sam
interaction, whereas output~2! only serves as a read-out.

FIG. 6. Time series of the steady state response of the syste
tapping mode at a sample position of 12 nm and the correspon
interaction force between tip and sample. The signals in tip defl
tion output~1! and the photo diode output~2! are nearly sinusoidal.
2-6
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To measure the fraction of power transferred into hig
harmonics by the nonlinear processes the respective
harmonic distortion~THD! as observed in both output sig
nals was calculated. It provides a measure for the fractio
power transferred into higher harmonics of a signal by n
linear processes. It can be defined as the root-mean-sq
~rms! value of the sum of the higher harmonics of the outp
signalyi ,n of outputi, divided by the rms value of the sum o
all harmonics~including the fundamental signalyi ,1) of the
respective output channel:

THDi5

A(
n52

`

yi ,n
2

A(
n51

`

yi ,n
2

. ~12!

The harmonic distortion is a function of the amplitude s
point. For the position outputs it is THD152.0% and for the
light lever output THD252.3% atzs512 nm. In the output
~2! the harmonic distortion is increased as compared to
put ~1! due to the geometric amplification of the high
modes in the light lever detection~cf. Table I!.

The generation of higher harmonics is due to the non
earity of the tip-sample interaction. The higher harmonics
well as the dc contribution depend on the frequency respo
of the respective cantilever output and on the interact
force between tip and sample. Since a time-independent
sample interaction was assumed, the equations of motion
be normalized in time, scaling with the fundamental re
nance of the cantilever. The normalized spectra of the sys
outputs, and thus the absolute values of the higher harm
ics, do not depend on the numerical value of the cantilev
resonant frequency.

Another important question regarding the system dyna
ics is the influence of higher eigenmodes. The phase port

FIG. 7. Absolute values of the fast Fourier transformation of
time series data. The spectrum consists of harmonics of the dri
frequency in both signals, tip deflection output~1! and photo diode
output ~2!. The harmonics are generated by the nonlinearity in
tip-sample contact. For visualization, both channels are normal
to the respective fundamental harmonic.
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of output ~1! shown in Fig. 8 and a computer animation32

illustrate this aspect. The evolution of the tip trajectory
phase space was calculated for distances in the range
zs522.9 nm tozs50.1 nm in steps of 0.1 nm. The syste
was allowed to equilibrate for 1152 cycles of the fundame
tal oscillation. Then, a trajectory of 128 cycles of the equ
brated system was used in order to generate the phase-s
plot. The vertical line indicates the minimum of the DM
potential atzs2a0. On the right side of this line the tip
sample interaction is attractive, to the left it is repulsive.

Four phase portraits were selected as examples~Fig. 8!.
At a distance ofzs512.0 nm the phase-space trajectory
only weakly disturbed by higher-order oscillations. The sy
tem dynamics is dominated by the fundamental mode
could be expected from the THD value. However, approa
ing further to zs53.0 nm the oscillation becomes strong
disturbed. Here, the higher eigenmodes become impor
for the system dynamics. At a distance ofzs52.0 nm the
system shows a more complicated dynamics and the tra
tory fills a larger portion of the phase space. In close pr
imity to the sample atzs51.6 nm period doubling prevails. A
weakly disturbed cycle is followed by a strongly disturb
cycle.

We have experimentally observed similar shapes
phase-space trajectories earlier employing a V-shaped c
lever ~Fig. 4 in Ref. 17!. However, so far, a rigid theoretica
explanation was missing. The usual single degree
freedom approximations well described the dynamics
large distances14,28–30zs but failed to predict distorted phase
space trajectories at small distances. In another set of ex
ments we have also observed period doubling@Fig. 5~a,v! in

e
g

e
d

FIG. 8. Phase space trajectories of the tip@out ~1!# for different
sample positions as indicated. For the respective plots a trajec
with a length of 128 cycle times of the fundamental frequency w
taken. The vertical line indicates the minimum of the surface for
in Eq. ~6!.
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Ref. 20#. Again, the single-DOF approximations could n
explain the tip trajectory exhibiting strong higher-order v
brations. From the results in Fig. 8 it is clear that the hig
frequency oscillations are due to the excitation of high
eigenmodes of the cantilever. Thus, we conclude that at c
proximity of the tip to the sample the additional degrees
freedom due to higher eigenmodes of the microcantile
play a vital role for the dynamics and cannot be neglecte
numerical simulations.

IV. CONCLUSIONS

We have shown that the dynamic system consisting of
cantilever and the tip-sample interaction in atomic-force m
croscopy can be represented as a linear and time-inva
system with a nonlinear output feedback. This closed-lo
system predicts well the dynamic response of the free
surface-coupled cantilever as well as the dynamics
tapping-mode AFM. Thus, the dynamic response of
surface-coupled cantilever is calculated efficiently and i
straightforward manner without the need of solving the f
partial differential equation.

For very small excitation amplitudes a linearized intera
tion force between tip and sample can be assumed. The
of the resonance frequencies of the cantilever interac
with a repulsive or attractive surface potential can be
plained in terms of migrating poles due to the output fe
back. In order to describe this effect correctly a multip
degrees-of-freedom description of the cantilever is essen
It is shown that the modal damping of the surface coup

*Current address: University of Munich, Section of Crystallog
phy, Theresienstrasse 41, 80333 Munich, Germany. Fax:149-89-
2180-4334. Electronic address: stark@nanomanipulation.de
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