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The dynamics of the microcantilever in atomic force microscopiM) is represented by a multiple-
degrees-of-freedom state-space model and is discussed within the framework of system theory. The cantilever
dynamics is modeled as a linear time-invariant system with a nonlinear output feedback due to the tip-sample
interaction. This allows one to use the same model to analyze different aspects of atomic force microscopy
such as the dynamics of contact-mode or the dynamics of tapping-mode AFM. The state-space approach to the
dynamic response of the AFM cantilever allows for numerically efficient simulations. We show that not only
the eigenfrequency but also the modal damping of a cantilever interacting with a surface strongly depends on
the contact stiffness. This is important for a quantitative characterization of elastic sample properties. Addi-
tionally, our model shows the presence of higher harmonics in tapping-mode AFM. The excitation of higher
eigenmodes can strongly distort the system response. The results illustrate that higher eigenmodes have to be
considered in the analysis of dynamic AFM.
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[. INTRODUCTION tence of different oscillatory states in tapping-mode and non-
contact AFM as well as their stability was investigated with

The different modes of dynamic atomic force microscopynumerical simulations. For a review see Ref. 15.

between tip and sample over the tapping mode with intermitf@meter system that can be understood as a multiple-degrees-

tent contact to the noncontact mode where mechanical Cor?_f-freedom (MDOF) system allowing for a higher eigen-

Moo . -19
tact is absent.In the ultrasonic or acoustic mode the tip is in mode excitation in tapping-mode AFM-° Recently, we

. : : . . ave shown that these higher-order signals provide direct
direct contact with Fhe specimen while uItrasomc waves aréa]\ccess to the time-resolved measurement of tip-sample inter-
coupled to the cantilever support or to the specimen. Analyz

, Pxy action force<?
ing the response of a surface-coupled cantilever the fre- In the following, we develop a MDOF state-space model

quency domain allows one to determine mechanical charagst the AFM cantilever interacting with the specimen surface.
teristics of the contact between tip and sample. The locarpis approach allows us to use an identical model in order to
stiffness can be measured by ultrasonic Aﬁ\ﬁfrl_cnon by investigate the characteristics of a freely vibrating cantilever
acoustic friction force mICFOSC%F;SE and lateral stiffness by a5 well as those of a surface-coupled cantilever. Additionally,
torsional overtone mICYOSCOﬁY/-_ ~ this model directly provides a theoretic understanding for the

Another widely used dynamic AFM mode operates in in-generation of higher harmonics by the nonlinearity in the
termittent contact and is also known as the tapping modezontact between tip and sample in tapping-mode AFM.
Here, the freely oscillating cantilever is driven near or at its

resonant frequency. For imaging, the vibrating tip is brought Il. MODELING
close to the sample surface as illustrated in Fig. 1. Thus, the
oscillation of the cantilever is confined on one side by the
sample surface that acts as a repulsive barrier defined by the The equation of motion for the transverse-displacement
elastic properties of the sampfe.!* The interaction between responsez(¢,t) of a freely vibrating undamped cantilever
tip and sample gives rise to nonlinear dynamics. The exisbeam is

A. Modal analysis
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TABLE I. Summary of the output values of tmth mode for the
out 2 tip position ¢,(1) and the optical lever detectiap),(1). Note the
amplification of the modal responsg,(1) as compared te,(1)
due to geometric effects.

/:
Rse,

in 3 i sutd n 1 2 3 n=4
== ) _oor6s 30435 49865 ~(-1rX(2n
oh(1)  —0.8763 3.0435 —4.9966 ~(—1)"x(2n—1)

x cosk,coshk,=—1. 3)

FIG. 1. Schematics of tapping mode AFM. Commonly usedFor higher modes the asymptotic valkf)=(n—3)= is a
inputs and outputs of the dynamical system are indicated. The sygood approximation. Similar considerations lead to the char-
tem can be accessed by applying forces directly onto the free end @ifcteristic equation of a clamped-pinned bdapil)=0 and

the cantilever(input 1) by external forces like the tip-sample inter- ¢”(1)=0] corresponding to a cantilever that is supported by
action or external actuation. Alternative inputs are base excitation ofhe surface

the sampldinput 2) or excitation of the cantilever suppdmput 3).
The tip deflection(output ) determines the tip-sample interaction . . _
force. However, this output often cannot be observed directly. Most cosksinhky + sink,coshk,=0. )

commonly, the angle of the cantilever deflection is read out using aThe eigenvectorémodal shapésfor the free cantilever are
optical lever detection schenteutput 2.

cosk,+coshk,
sink,+ sinhk,
0, (1) X (sink,&—sinhk,£&). (5)
At the free end at=1 one obtains the values of the modal

displacementp,(£) and the modal deflection angle’ (&)
given in Table 1.

@n(§) = cosk,&— coshk,&—
J'2E)  PaEY
El +m =
& at?
with the normalized positiog € [0,1] along the cantilever,
the timet, the flexural stiffnes&l, and the constant mass per

unit length,m. The resonant frequencies, are related to the
respective eigenvaluds, by

B. Tip-sample interaction

w?=(k.)*El/m. ?) In close proximity of a surface the attractive and repulsive
n n regimes have to be discriminated. The attractive regime (

The modal shapeg(£) are determined by the boundary con- —z=a;) can be described by an attractive van der Waals
ditions. At the base side of the cantilever beanfat0 the interaction force. Herez is the tip deflection towards the
cantilever is clamped; i.e., the boundary conditions aresample andgthe distance between the sample and tip of the
¢©(0)=0 for the displacement angd’(0)=0 for the deflec- undeflected cantilever. For systems without or with negli-
tion slope. On the free end of the cantileverét1 the gible energy dissipation in the tip-sample contact the tip-
corresponding values akg’(1)=0 and¢”(1)=0. The ei- sample force can be calculated in the repulsive regime (
genvalues of the free cantilever are determined by the char-z<a;) using a Derjaguin-Mier-Toporov (DMT)
acteristic equation model?! This leads to

—HR/[6(zs—2)?], z.—z=ay,

Fi(2)= (6)

4
—HR/6a3+ 3E* VR(ze—z+a)%?  zs—z<ay,

whereH is the Hamaker constant aftithe tip radius. The parametay is the interatomic distancé.The effective contact
stiffness is given bye* =[(1— vf)/Eﬁ— (1- vg)/ES]‘l, whereE,; andEg are the respective elastic moduli andand v¢ the

Poisson ratios of tip and sample. For the numerical simulation typical parameters for the tapping mode with a silicon cantilever
were chosenk=10 Nm !, R=20 nm, E,=129 GPa, andv,=0.28. A fused silica Si9 sample withE=70 GPa, v
=0.17,a9=0.166 nm, andH=6.4x10"2° J was assumed.

In the case of small oscillations around an equilibrium positiga-e.g., due to thermal excitatitt>?4—the contact force
relation, Eq.(6), can be linearized and expressed as an effective spring constant
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d
k;\;: T oz Fis(2)

—HR/[3(z—20)%], zs—2zp=ay,
= (7)

2E* JR(ag+zs—29)Y2  zs—z9<ap.

The contact stiffnesky, is normalized to the cantilever Under ambient conditions, the cantilever can be consid-
spring constank with k= k%/k. Notably, the van der Waals ered as a weakly damped system. Therefore, the uncoupled

forces in the attractive regime lead to a negative effectivé’i9énmodes of the beam as obtained in the previous section
spring constant. can be used to construct the state-space model. The system

matrix of the weakly damped free cantilever is given by the

normalized eigenfrequenay,= w,/w; and dampingy, of
each mode with a 2 submatrix along the diagonal. The
The physical systeniFig. 1) of the AFM cantilever and  input vector for forces acting on the tip contains the respec-
the nonlinear tip-sample interaction can be modeled as thgve modal displacemeng,, at the geometric position of the
combination of a linear time-invariant systefoantilevej  force input &;,, weighted with the respective generalized

with a nonlinear output feedback as illustrated in Fig. 2. Inqgdal masseM; = [ime;(£)2dé, leading to a rewritten Eq.
the following, only forces acting on the cantilever fipput (89):

(1)] will be considered—i.e., the forces between tip and

C. State-space model

sample and the driving force. Experimentally, an externalr , 7 r o 1 0 0 -
.. . . . 1
driving force at input(1) corresponds to a magnetic excita- i . R
tion of the cantilever. To focus the following discussion on X2 —w] —2yw0; O 0
the role of the specimen surface as an output feedback th¢ - _
. e : ) X = 0 0 0 1
extension of the model to multiple inputs will not be dis- s R R
cussed here. The state-space form of the equations of motiop x, 0 0 — 05 —2y,0,
of the cantilever withn degrees of freedom is )
x=Ax+bu, (8) C x0T 0 7]
X2 ¢1(&iip)/ M1
y=Cx+du, 9 x| x5 |+ 0 U (10
with the time-dependent state vect®r (X;,X5,Xs, . . .) X4 ®2(&iip) M
=(Xi_1,Xi—1,Xi—2,Xi_2, .. .); i.e., the state vector consists ] L i

of the displacements and velocities of the respective degrees. o o ]

of freedom. The BX 2n matrix A is the system matrixp is ~ Without restriction the mass density is normalized N

the input vector, and scalaris the force input. In the case of =M=1. A uniform modal dampingy;=y=1/(2Q) is as-
multiple inputsb becomes a matrix and a vector. Each Sumed in the following. The output matrix combines the
component of the output vectge—i.e., the tip displacement states to the pp d|splgcement and the photodmde signal with
outputy, and the photodiode signal outpys—are linear the output gains as given in Table |, leading to a new(8p.
combinations of the states. The output matixontains the
respective weights. The direct transmission scdlas zero
because there is no direct access from the force ifiuo
the outputg(1) and(2) of the system.

‘Pl(ftip)/npos 0 Qoz(gtip)/npos 0
(Pi(fsenglnsig 0 ‘Pé(gseng/nsig 0

Y1
Y2

X1
"""""""""""""""" X
g x| x3 |. (11)
x(t)
XY x(t) X4
+ h— —
With this definition, outpuly, is the geometric displacement
----------------------------- ' of the cantilever at the tip locatiofy, on the beam, whereas
(@ e outputy, is the deflection slope of the cantilever beam at the

sensor positiorfge,sas measured by a light lever detection.
FIG. 2. Graphical representation for the state-space model of thé the following we assume the standard configuration with a
AFM. The cantilever is represented by a linear and time-invariant€ad-out of the cantilever displacement and deflection angle
(LTI) sub-model. The tip-sample interaction force is a nonlinearat the free end of the cantilever at afg=&sens=1. The
output feedback. output channels are normalized to the respective static gain.
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Normalization of the deflection outp(t) corresponds to the

normalized quasistatic spring const&ggmzl of the canti- g'
lever. The normalization of the light lever sensor out{@)t S,
corresponds to the usual quasistatic calibration of the photo-
diode response by measurement of a force versus displace-2
ment curve. The tip-sample interaction force is modeled as a
static output feedback. The displacement of the #ip, ’33
=31 X5 _41, is fed back through the interaction force 2
Fi(y1) to input(1) of the model. The following analysis will 2 =
g

focus on how the sample stiffness affects system dynamics.
For clarity, we will not consider velocity-dependent feedback

components, e.g., due to viscous damping in the tip-sample 180 *
contact or time variable interaction forces, e.g., due to cap- .
illary condensation or creep. '3_'\ 5f out(2)
g A
Ill. RESULTS AND DISCUSSION < 0O
L >
A. Linearized model kel 5|
To illustrate the influence of the output feedback on the . ©
dynamic system the linearized system of the AFM cantilever 5
in contact with the specimelEq. (7)] is analyzed first! In 2 -
this linear approximation the output feedback is directly pro- @ ’
portional to the system’s position outpdy. Thus, the elastic =
surface properties can be conceived as a proportional feed- & -1go}
back with the gain parametds,. From an experimental 1 05 0 05 1 15 2
point of view, this is a useful approximation when the canti- logyo ()

lever undergoes very small oscillations in a potential—e.g., . .
due to thermal noise or due to a small excitation. Corre- FIG. 3. (Color onling Amplitude and phase response of the free

. T . . dashed, blackand weakly surface coupled cantilever from input
spondingly, a dissipative interaction due to viscous sampl 1) to the outputs as indicated. The solid liidue) corresponds to
properties could be represented by a differential feedback. P : P

For the numerical calculations the quality factor was sef! > S - e _ _
to a typical value ofQ=200 for all modes. The frequency resentk,;= — 0.7, which is an attractive interaction corresponding
response of the system for a relative tip-sample stiffiness df & SPring with negative force constant.

Rtsz +0.7[Eq. (7)] is given in Fig. 3. An attractive interac- since the poles migrate to the stationary zeros and are can-
tion corresponding to a spring with a negative force constanteled. Since the zeros in the photodiode sigfzal differ
results in a shift to lower frequenciédash-dotted lineas  from the zeros in the position outp(t), they are not can-
compared to the freely oscillating cantilevelashed ling In  celed in outpui2) and the resonances can still be observed.
contrast, a repulsive tip-sample interaction, corresponding to A root locus map allows a very compact representation of
a spring with a positive spring constant, leads to a shift of théhe migration of the system’s poles and zeros. The map in
resonant frequencies to higher valueslid line). The reso-  Fig. 5 visualizes the respective variations of eigenfrequency
nant frequenciesgiven by the system polgsiepend on the and damping as a result of changes of the effective tip-
output feedback but are not affected by the choice of outpusample stiffneskc—i.e., the feedback parameter. Shown are
channel. In contrast, the transmission zeros of the model af@€ positions of poles and zeros of the subsystem from input
located differently for the position outp(t) as compared to (1) to the tip-position outputl). The position of the poles
the light lever signafout (2)]. The relative frequency shift of and zeros of the free cantilever in the Laplace plane are
the higher-order modes is smaller as compared to the fund#?dicated by crosses and circles, respectively. For the free
mental mode because the frequency shift depends on tr?mtnever all poles are located in the left half plane; i.e., the

tiff ok /me2 hich dlv d ith i ynamic system is stable.
SUess ratiok,s/mewj , Which rapidly decreases with In- =, this model the number of zeras,e,, is determined by
creasing mode number

. the number of polesn,ges=2n, With N,e=Npoes— 2, be-
Increasing the effective tip-sample stiffness furthek{o cause the position of the force inpé&g, and the sensor po-
=10° the system approximates a cantilever with its endsition £..nsare the same. This colocated configuration is gen-
pinned to the sample surfac€Eig. 4). The poles of the con- erally desirable in AFM. For an in-depth discussion of the
strained system are the transmission zdargiresonances role of poles and zeros and the colocation of sensor and
of the displacement outputl) of the free syster®® This  actuator in mechanical systems see Ref. 25. For the usual

means that the resonance frequencies of the strongly surfaéingle-degree-of-freedom approximation={1) the system
coupled cantilever correspond to frequencies of the minimagloes not have any zeros. The zeros remain stationary since
displacement response of the free cantilever. In the positiothey are independent froky for the given structurd\, b, C,
output (1) the cantilever response shows a constant gaimndd.

repulsive interaction witk,s=0.7. The dash-dotted linged rep-
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FIG. 4. (Color online Bode plot of the fregsolid line, black

and strongly surface-coupled cantilevek, € 10°, dashed line,
blue). Output(1): tip displacement; outpu®): photo diode signal.
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Lo, ©
8 8 o 8

L, ©
8 8 o 8

" out(1)

[ out(2)

'
—_

'
=
(3]

05
logyg ()

15 2

imaginary axis

PHYSICAL REVIEW B59, 085412 (2004

-0.05 -0.04 -0.03 -0.02 -0. 01 0
real axis

FIG. 5. Root locus map of the linearized closed loop system in

the Laplace plane. For better representation the real axis was
stretched significantly. The locations of equal damping appear as
diagonal lines in this plot with the respective damping as indicated.
Poles and zeros are indicated by crosses and circles, respectively. In
the positive imaginary half-plane the migration of the poles due to

feedback by a positive spring constant is illustrated by the solid
curves. The arrows give the direction of the pole migration for
increasingkts>0. The zeros remain stationary. In the negative
imaginary half-plane the pole migration due to feedback by a nega-

tive spring constanattractive regimgis illustrated for decreasing

the poles towards the zeros is indicated for a tip-sample stiff-"
nesskse[0, 1210]. Because poles and zeros are either
complex conjugate pairs or real values, the respective conJUOWS indicate the direction of migration for an mcreasiqg

gate complex migration paths are not shown in Fig. 5. For aiit is most important to note that also the modal damping
infinite contact stiffness poles and zeros cancel except for thearies substantially due to increasing stiffness of the tip-
complex conjugate highest-order poles that diverge. The asample contact. For the first eigenmode the damping can be

TABLE Il. Summary of the absolute values of the eigenvalues fonthemode of the closed loop system
for different values of the effective tip-sample stiﬁnd§§. The eigenvalues for the pinned system are
obtained by directly solving the characteristic equation. Corresponding values for an intermediate sample
stiffness can be found in Ref. 2. For comparison the data for systems with selected DOF are given.

DOF n Rtsz -0.1 Free 0.1 1 10 @10 Pinned

1 1 1.8264 1.8751 1.9203 2.2299 3.4149 592.96 3.9266

2 1 1.8275 1.8751 1.9191 2.2159 3.1932 3.9721 3.9266
2 4.6912 4.6941 4.6970 4.7237 5.0199 700.73 7.0686

3 1 1.8276 1.8751 1.9190 2.2143 3.1754 3.9405 3.9266
2 4.6912 4.6941 4.6970 4.7235 5.0063 7.1602 7.0686
3 7.8541 7.8548 7.8554 7.8610 7.9203 774.88 10.2102

30 1 1.8277 1.8751 1.9189 2.2135 3.1677 3.9267 3.9266
2 4.6912 4.6941 4.6970 47234 5.0011 7.0689 7.0686
3 7.8541 7.8548 7.8554 7.8610 7.9190 10.2111 10.2102
4 10.9953 10.9955 10.9958 10.9978 11.0185 13.3538 13.3518
5 14.1371 14.1372 14.1373 14.1382 14.1479 16.4972 16.4934
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reduced from the value of the free systey=0.25% athS E -20 ) ) ) ) “out(1)
~ C

=0) by factor of more than 2%(=0.11% atk,s=9) due the = ol |

surface coupling. Increasing the tip-sample stiffness beyond "%-,

this damping minimum leads to an increased damping untila o 20

value of y=0.2% is obtained ak.=1e10. These variations ' ' ' ' '

of the modal damping have to be taken into account when & 20 “out(2)

viscoelastic properties of the specimen are determined from £
analysis of the frequency response of a surface coupled can-g 0} T
tilever or a cantilever that is coupled to a molecule. The

intrinsic damping obtained by an activ@-control force
spectroscopy experiméfitis the intrinsic damping of the 30

sign

entire dynamic system. Z 5 force |
In the negative imaginary half-plane of Fig. 5 the migra- % 10 I I I

tion of the poles is illustrated fd}tse [0,—1el0]. The paths 2

of the respective conjugate complex poles are not shown. © 10 v v v v v v

The arrow indicates the direction of migration for a decreas- 0 1 2 3 4 5 6

ing negativek,s. The poles migrate towards zeros with lower time (cycles)

frequency. Fok < — mwfz —1 one of the dominant poles
becomes real and positive and the system becomes unstabtlgp

Experimentally, this instability is well known as “snap-in”in interaction force between tip and sample. The signals in tip deflec-

27 ; ;
AFM.“"When a S_Oft Cant'lever 'S,approaChed closely to thetion output(1) and the photo diode outp(®) are nearly sinusoidal.
surface at a certain point the cantilever suddenly bends to the

surface due to the attractive van der Waals forces. Within the
framework of this model the “snap-in” can be understood astude of the driving force was set =1 nN corresponding
an instability of the closed loop system. Due to this instabil-to a free amplitude of abouk,=20 nm. These are typical
ity, the system transits through the attractive part of the poeonditions for imaging in ambient conditions. In order to
tential and ends up in the repulsive regime where it is stablgimulate the tapping mode, the distance between the sample
again. and tip’s rest position was reduced. First, the dynamics at a
To evaluate the numerical convergence of the state-spagfistance ofze=12 nm which corresponds to an amplitude
approach the absolute values of the eigenvalues of the differgetpoim of AIA,~60% was investigated. After waiting for
ent systems are summarized in Table Il for different modekne equilibration of the system a time series of output data
ordersn. The columns “free” and “pinned” correspond to (sjx cycleg was extractedFig. 6. Both output signals—the
solutions of the characteristic equatici3 and(4). Already 5 gisplacement and photodiode signal—are nearly sinu-
with n=§ modes the relative error of the first eigenvalue ISgoidal. The tip-sample forces are single impacts at the lower
<1% atkis= 1€10 as compared with the analytic solution for tyrning point of the tip oscillation. The time of repulsive
the pinned cantilever. The errors can be reduced by increagpntact between tip and sample is 3% of the cycle time. The
ing the number of modes further. Witi=30 modes an ac- repulsive interaction with peak forces of 23 nN indicates that
curacy of the first five glgenvalues of 0.01% is achieved. Thqhe system is in the so-called high-amplitude state.
eigenvalues of the highest-order modes of the respective gqr 5 fyrther analysis the Fourier transform of the output

mo_del diverge for strong surface coupling—i.e., for Iargesignals was calculated using the fast Fourier transf@tRT)
spring constants. The single-degree-of-freedom system (algorithm. In Fig. 7 the absolute values of the FFT of the

=1) approximates the fundamentgl mode of a weakly SUime series data of both outputs are shown. In both spectra
face coupled cantilever well but fails to adequately describ

a strongly surface coupled cantilever. %_armonics of the drivi_ng frequency prevail. Addition_ally, the
signature of the amplitude response of the respective output

channel can be seen. The maxima are at the same frequencies
for both output channels at the 1st and around the 6th and

The dynamics of the tapping mode was simulated usind.8th harmonics that are close to the resonant frequencies.
the nonlinear DMT model of the tip-sample interaction in However, the minima are different. The displacement
Eq. (6). The computational time needed for the simulations[out(1)] minima are close to the 4th and 15th harmonics
depends on the model order of the system. With increasing’hereas in the light lever signabut (2)] the minima are
model order the computational time per time step is auge¢lose to the 3rd and 12th harmonics. Although the cantilever
mented withn?, wheren is the number of eigenmodes. To deflection has a spectral minimum at the 4th and 15th har-
capture the dynamics of higher modes at reasonable compuonics the signal does not vanish in @)t Here, it is im-
tational costs a cantilever model with three modes was agortant to note the physical difference between both output
sumed resulting in a sixth-order state-space model. channels. The output channd)) is connected to the system

The system was driven by a sinusoidal signal in infyit  input (1) via the mechanical feedback due to the tip-sample
at the fundamental resonanag of the system. The ampli- interaction, whereas outp(2) only serves as a read-out.

FIG. 6. Time series of the steady state response of the system in
ping mode at a sample position of 12 nm and the corresponding

B. Nonlinear model
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T z =12 nm z . =3.0nm
— 0 | E) S
TEl out(1) 3
\(U/ ) A 10 )
o 5
b= § 1 1
g |||||||||||I|||||||||II o :
6 2
T T T T 'c 5 -1
- O} 1 > 2
a out(2) S 10
E 2t A (1] -3
\(U/ S
s 2 10 5 0 5 -10 3 2 1 0 4 2 3
> 4 ] 3 z,=2.0nm z,=16nm
g | | g
6 > 2
0 5 10 15 20 25 g—
- 1
FIG. 7. Absolute values of the fast Fourier transformation of the 0 0
time series data. The spectrum consists of harmonics of the driving
frequency in both signals, tip deflection outgif and photo diode - .
output(2). The harmonics are generated by the nonlinearity in the )
tip-sample contact. For visualization, both channels are normalizec  ~

to the respective fundamental harmonic. 2 1 0o a2 2 1 o
tip position (nm)
To measure the fraction of power transferred into higher _ i . )
namarics by the nonlnear pocesses the respectve oig, 10, % Flese e et ol hlo U)o fent
harmonic distortion(THD) as observed in both output sig- e p X P P jectory

nals was calculated. It id for the fracti O\I?/ith a length of 128 cycle times of the fundamental frequency was
- lLprovides a measure for the raclion ol o, The vertical line indicates the minimum of the surface forces

power transferred into higher harmonics of a signal by non; Eq. (6).
linear processes. It can be defined as the root-mean-square

(rms) value of the sum qf the higher harmonics of the outputy output (1) shown in Fig. 8 and a computer animafidn
signaly; , of outputi, divided by the rms value of the sum of jystrate this aspect. The evolution of the tip trajectory in
all harmonics(including the fundamental signgj ,) of the  phase space was calculated for distances in the range from
respective output channel: z,=22.9 nm toze=0.1 nm in steps of 0.1 nm. The system
was allowed to equilibrate for 1152 cycles of the fundamen-
tal oscillation. Then, a trajectory of 128 cycles of the equili-
brated system was used in order to generate the phase-space
plot. The vertical line indicates the minimum of the DMT
potential atz;—a,. On the right side of this line the tip-
sample interaction is attractive, to the left it is repulsive.
1 Four phase portraits were selected as exam(ies 8).
At a distance ofz;=12.0 nm the phase-space trajectory is

The harmonic distortion is a function of the amplitude set-only weakly disturbed by higher-order oscillations. The sys-
point. For the position outputs it is THB=2.0% and for the tem dynamics is dominated by the fundamental mode as
light lever output THQ=2.3% atz,=12 nm. In the output could be expected from the THD value. However, approach-
(2) the harmonic distortion is increased as compared to outng further to zs=3.0 nm the oscillation becomes strongly
put (1) due to the geometric amplification of the higher disturbed. Here, the higher eigenmodes become important
modes in the light lever detectiquf. Table . for the system dynamics. At a distance nf=2.0 nm the

The generation of higher harmonics is due to the nonlinsystem shows a more complicated dynamics and the trajec-
earity of the tip-sample interaction. The higher harmonics agory fills a larger portion of the phase space. In close prox-
well as the dc contribution depend on the frequency respongaity to the sample ats=1.6 nm period doubling prevails. A
of the respective cantilever output and on the interactiorweakly disturbed cycle is followed by a strongly disturbed
force between tip and sample. Since a time-independent tigycle.
sample interaction was assumed, the equations of motion can We have experimentally observed similar shapes of
be normalized in time, scaling with the fundamental reso{phase-space trajectories earlier employing a V-shaped canti-
nance of the cantilever. The normalized spectra of the systemever (Fig. 4 in Ref. 17. However, so far, a rigid theoretical
outputs, and thus the absolute values of the higher harmomxplanation was missing. The usual single degree-of-
ics, do not depend on the numerical value of the cantilever'dreedom approximations well described the dynamics at
resonant frequency. large distancé$28-30z_ but failed to predict distorted phase-

Another important question regarding the system dynamspace trajectories at small distances. In another set of experi-
ics is the influence of higher eigenmodes. The phase portraithents we have also observed period doublifig. 5a,v) in

S
I\I)MS
<
N
=

THD, = (12)

o
=

n
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Ref. 20. Again, the single-DOF approximations could not cantilever strongly depends on the contact stiffness, even in
explain the tip trajectory exhibiting strong higher-order vi- the absence of contact damping. This system intrinsic effect
brations. From the results in Fig. 8 it is clear that the high-is especially important for a quantitative characterization of
frequency oscillations are due to the excitation of higherthe viscoelastic properties of the specimen—for example, in
eigenmodes of the cantilever. Thus, we conclude that at clos@trasonic force microscopy or in mechanical AFM spectros-
proximity of the tip to the sample the additional degrees ofcopy of single molecules. Additionally, the linearized model
freedom due to higher eigenmodes of the microcantilevereadily explains the snap-in of the tip onto the sample as an
play a vital role for the dynamics and cannot be neglected innstability of the closed-loop system.

numerical simulations. In the case of larger vibration amplitudes the full nonlin-
ear interaction between tip and sample has to be considered.
IV. CONCLUSIONS The model explains the generation of higher harmonics in

] o the output signals of tapping-mode AFM in terms of a non-

We have shown that the dynamic system consisting of thgnear output feedback. The calculations demonstrate that the
cantilever and the tip-sample interaction in atomic-force mi~yayes of the individual higher harmonics in the output signal
croscopy can be represented as a linear and time-invariagk well as the respective total harmonic distortion depend on
system with a nonlinear output feedback. This closed-looghe output channel—i.e., on the signal readout. We show that
system predicts well the dynamic response of the free angh the investigation of the dynamics of tapping-mode AFM
surface-coupled cantilever as well as the dynamics ofigher eigenmodes cannot be neglected.
tapping-mode AFM. Thus, the dynamic response of the ‘|n symmary, the dynamic response of the AFM cantilever
surface-coupled cantilever is calculated efficiently and in gn ambjent conditions can be modeled efficiently by a state-
straightforward manner without the need of solving the fullgpace model. The main advantage of conceiving the tip-
partial differential equation. sample interaction as a nonlinear output feedback is the pos-

For very small excitation amplitudes a linearized interac-gjpjlity to study the complex dynamics of different AFM

tion force between tip and sample can be assumed. The shifiodes from contact-mode AFM over the tapping mode to
of the resonance frequencies of the cantilever interactingtrasonic mode within one unified model.

with a repulsive or attractive surface potential can be ex-
plained in terms of migrating poles due to the output feed-
back. In order to describe this effect correctly a multiple-
degrees-of-freedom description of the cantilever is essential. M.S. gratefully acknowledges financial support by the Al-
It is shown that the modal damping of the surface coupledxander von Humboldt Foundatig@ermany.
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